This paper focuses on fuzzy measurable functions based on gradual numbers. Firstly, some new concepts about gradual numbers are introduced as preparation. And then, the concept of gradual numbervalued measurable functions is introduced and some of its properties are investigated.
Introduction
Motivated by the applications in several areas of applied science, such as mathematical economics, fuzzy optimal, process control and decision theory, much effort has been devoted to the generalization of different measure concepts and classical results to the case when outcomes of a random experiment are represented by fuzzy sets, such as the concepts of fuzzy measures (see, e.g., [2, 13, 14, 16] ), fuzzy measurable functions (see, e.g., [6, 8, 15] ) and fuzzy integrals (see, e.g., [9, 10, 12] ).
In above literatures, the most often proposed fuzzy sets are fuzzy numbers. It is well known that the term "fuzzy numbers" are often applied instead of "fuzzy intervals", especially if the core of fuzzy interval is a point (like; triangular fuzzy number). Such fuzzy numbers generalize intervals, not numbers. Furthermore, fuzzy arithmetics inherit algebraic properties of interval arithmetic, not of numbers. Hence the name "fuzzy number", used by many authors is debatable. To avoid this confusion, the authors [4] introduced a new concept in fuzzy set theory as "gradual numbers". A gradual number in general can not be considered as a fuzzy set of real numbers because the mapping from the unit interval to the real line is not necessarily one to one. However gradual numbers are equipped with the same algebraic structures as numbers (addition is a group, etc.). In the brief time since their introduction, gradual numbers have been employed as tools for computations on fuzzy intervals, with applications to combinatorial fuzzy optimization (see, e.g., [5, 11] ), and others (see, e.g., [1, 3, 4, 7, 17] ). In particular, Zhou and Li [19] recently introduced a new fuzzy measure based on gradual numbers. This paper is the continuation of paper [19] and it focuses on fuzzy measurable functions based on gradual numbers.
The organization of the paper is as follows. In Section 2, some new results about gradual numbers are introduced as preparation, which are natural extensions of the real numbers. In Section 3, the concept of gradual number-valued measurable functions is introduced and some of its properties are investigated.
Preliminaries and Some Results
In this section, we introduce some new results about gradual numbers as preparation. All concepts and results not given in this paper may be found in [4, 11, 18, 19] . Naturally a nonnegative gradual number is defined by its assignment function from (0, 1] to [0, +∞).
In the sequel,r(α) may be substituted for Ar(α). The set of all gradual numbers (resp. nonnegative gradual numbers) is denoted by R(I) (resp. R * (I)). A crisp element b ∈ R has its own assignment functionb :
. We call such elements in R(I) constant gradual numbers. In particular,0 (resp.1) denotes the constant gradual number defined by0(α) = 0 (resp.1(α) = 1) for all α ∈ (0, 1].
Definition 2.2.
[4] Letr,s ∈ R(I). The operations are defined as follows:
Definition 2.3.
[11] Letr,s ∈ R(I). The relations betweenr ands are defined as follows:
( 1) 
Definition 2.4. [11] Letr,s ∈ R(I).
The maximum (∨) and minimum (∧) ofr ands are defined as follows:
(
Definition 2.5.
[18] Let {r n } n∈N ⊆ R(I) andr ∈ R(I).
(1) {r n } n∈N is said to converge tor if for each α ∈ (0, 1], lim n→∞rn (α) = r(α) and it is denoted as lim n→∞rn =r.
(2) If lim n→∞ n i=1r i exists, then the infinite sum of sequence {r n } n∈N is defined by
Theorem 2.6. Let {r n } n∈N ⊆ R(I). {r n } n∈N converges tor if and only if for arbitrary ε > 0 and α ∈ (0, 1], there exists a positive integer N α > 0 such that |r n −r| (α) < ε, as n > N α .
Proof. Necessity. Since {r n } n∈N converges tor, by Definition 2.5 and classical limit concept, for each α ∈ (0, 1] and arbitrary ε > 0, there exists a positive integer N α such that |r n (α) −r(α)| = |r n −r| (α) < ε, as n > N α .
In the following, we establish the sufficiency. Suppose that for each ε > 0 and α ∈ (0, 1], there exists a positive integer N α > 0 such that |r n −r| (α) < ε as n > N α , i.e., |r n −r| (α) = |r n (α) −r(α)| < ε as n > N α . It follows that lim n→∞rn (α) =r(α) for each α ∈ (0, 1]. Hence {r n } n∈N converges tor.
Theorem 2.7. Let {r n } n∈N and {s n } n∈N be two subsets of R(I). If lim n→∞rn = r and lim n→∞sn =s, then (1) lim n→∞ (r n ±s n ) =r ±s; (2) lim n→∞ (ã ·r n ) =ã ·r, ∀ã ∈ R(I); (3) lim n→∞ (r n ·s n ) =r ·s; (4) lim n→∞r ñ s n =r s , ifs n =0 ands =0.
Proof. This is straightforward.
In the following, we introduce the supremum, infimum, limit interior and limit superior of sequences of gradual numbers. Proof. This is straightforward. Proof. The proof is obvious Definition 2.13. Let {r n } n∈N ⊆ R(I). {r n } n∈N is said to be a monotonically increasing (resp. decreasing) sequence if for each n ∈ N,r n r n+1 (resp. r n r n+1 ) holds.
New Fuzzy Measurable Function
In this section, the concept of gradual number-valued measurable functions is introduced and some of its properties are investigated. 
is a classical measurable function on (X, A ).
Let f, g : X → R(I) be two gradual number-valued functions and * ∈ {= , ≺, , , }. Define relation * of f and g as follows:
f is called non-negative if for each x ∈ X, f (x) 0 . (1)rf is gradual number-valued measurable for anyr ∈ R(I);
(2) f ± g, f · g and f g are gradual number-valued measurable; (3) f ∨ g, f ∧ g and |f | are gradual number-valued measurable.
Proof. By Definition 3.6 [18] , for each α ∈ (0, 1], we have
Then it is an immediate consequence of Definition 3.1 and properties of classical measurable functions. This completes the proof.
In the following, convergence for sequence of gradual number-valued measurable functions are discussed. We firstly give limit notion of gradual numbervalued functions as follows. Definition 3.3. Let {f n } n∈N and f be gradual number-valued functions defined on X. {f n } n∈N is said to converge to f if for each x ∈ X,
We denote it by lim n→∞ f n = f . Theorem 3.4. Let {f n } n∈N be a sequence of gradual number-valued measurable functions on the measurable space (X, A ) such that lim n→∞ f n = f . Then f is gradual number-valued measurable on (X, A ).
Proof. One the one hand, since {f n } n∈N is a sequence of gradual numbervalued measurable functions, by Definition 3.1, for each α ∈ (0, 1], {(f n ) α } n∈N is a sequence of classical measurable functions. On the other hand, since lim n→∞ f n = f , by Definition 2.5, for each α ∈ (0, 1] and x ∈ X, we have
i.e., lim n→∞ (f n ) α (x) = (f ) α (x). Combining above-mentioned two aspects, for each α ∈ (0, 1], f α is classical measurable. It follows that f is gradual numbervalued measurable. This completes the proof.
Definition 3.5. Let {f n } n∈N be a sequence of gradual number-valued functions on X.
(1) f 0 is called the supremum (resp. infimum) of {f n } n∈N if for each x ∈ X, f 0 (x) = sup n≥1 f n (x) (resp. f 0 (x) = inf n≥1 f n (x)) and denoted by f 0 = sup n≥1 f n (resp. f 0 = inf n≥1 f n );
(2) f 0 is called the limit interior (resp. limit superior) of {f n } n∈N if for each x ∈ X, f 0 (x) = sup n≥1 inf k≥n f k (x) (resp. f 0 (x) = inf n≥1 sup k≥n f k (x)) and denoted by f 0 = lim inf n→∞ f n (resp. f 0 = lim sup n→∞ f n ). Proof. This follows from Theorem 2.9, Theorem 2.12 and Definition 3.1.
In what follows we discuss one kind of special gradual number-valued measurable functions named simple gradual number-valued functions.
Definition 3.7. Let X be a set and A ⊆ X. The gradual number-valued characteristic functionχ A : X → R(I) of A is defined as follows: Definition 3.9. Letr 1 ,r 2 , . . . ,r n be distinct gradual numbers and f : X → R(I) a gradual number-valued function taking on valuesr 1 ,r 2 , . . . ,r n . If A i = {x : f (x) =r i } ∈ A and X = n i=1 A i is a disjoint union, then we call that f is a simple gradual number-valued function and f = n i=1r iχA i . Proof. By Theorem 3.2 and Theorem 3.8, we can obtain the proof.
